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ON STABLE DEGENERATIONS OF COHEN-MACAULAY MODULES OVER 
SIMPLE SINGULARITIES OF TYPE (A n ) 


NAOYA HIRAMATSU 

Dedicated to Professor Yuji Yoshino on the occasion of his sixtieth birthday. 


Abstract. We study the stable degeneration problem for Cohen-Macaulay modules over simple 
singularities of type ( A n ). We prove that the stable horn order is actually a partial order over 
the ring and are able to show that the stable degenerations can be controlled by the stable horn 
order. 


1. Introduction 

The concept of degenerations of modules introduced in representation theory for studying the 
structure of the module variety over a finite dimensional algebra 

nuanMunangiiz]. Classically 
Bongartz [T| investigated the degeneration problem of modules over an artinian algebra in relation 
with the Auslander-Reiten quiver. In [IB] , Zwara gave a complete description of degenerations of 
modules over representation finite algebras by using some order relations for modules known as 
the horn order, the degeneration order and the extension order. Now a theory of degenerations is 
considered for not only module categories, but derived categories [7] or stable categories M , more 
generally, triangulated categories uni. 

Let R be a commutative Gorenstein local fc-algebra which is not necessary finite dimensional. 
Yoshino [14, introduced a notion of the stable analogue of degenerations of (maximal) Cohen- 
Macaulay -R-module in the stable category CM (R). The notion of the stable degenerations is 
closely related to the ordinary degenerations. In fact, the author [4] give a complete description 
of degenerations of Cohen-Macaulay modules over a ring of even dimensional simple singularity of 
type (A„) by using the description of stable degenerations over it. Hence it is also important for 
the study of degeneration problem to investigate the description of stable degenerations. 

The purpose of this paper is to describe stable degenerations of Cohen-Macaulay modules over 
simple singularities of type ( A n ). 

k[[x0,Xl,X2, ■ ■ ■ ,Xd}]/(x o +1 + x\ + x\ -I-h x 2 d ). 

First we compare Auslander-Reiten theory on CM(R) with that on CM (R). We look into the 
relation between AR sequences and AR triangles of Cohen-Macaulay modules ('Proposition 12.21) . 
And we consider an order relation on CM(I?) which is the stable analogue of the horn order 
(Definition 12.611 . We shall show that it is actually a partial order if a ring is of finite representation 
type with certain assumptions. 

In Section [U we devote to describe stable degenerations of Cohen-Macaulay modules over the 
ring above. We shall show that all stable degenerations can be controlled by the stable horn order 
(Theorem 14.61) . To show this, we use the stable analogue of the argument over finite dimensional 
algebras in [16]. 
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2. Stable hom order on Cohen-Macaulay modules 

Throughout the paper R is a Henselian Gorenstein local ring that is fc-algebra where k is an 
algebraically closed field of characteristic 0. For a finitely generated R-module M, we say that M 
is a Cohen-Macaulay R-module if 

Ext^(M, R) = 0 for any i > 0. 

We denote by CM(i?) the category of Cohen-Macaulay -R-modules with all R-homomorphisms. 
And we also denote by CM(R) the stable category of CM(R). The objects of CM (R) are the same as 
those of CM(R), and the morphisms of CM (R) are elements of Hom R (M. N) = Hornj{(M, N)/P(M, N) 
for M,N £ CM (R). where P(M,N) denote the set of morphisms from M to N factoring through 
free R-modules. For a Cohen-Macaulay module M we denote it by M_ to indicate that it is an 
object of CM(R). For a finitely generated R-modulc M, take a free resolution 

■■■-»■ F\ -4 F 0 ->■ M 0. 

We denote Imd by SIM. We note that this defines the functor giving an auto-equivalence of CM(R). 

It is known that CM(R) has a structure of a triangulated category with the shift functor defined 
by the functor fl -1 . We recommend the reader to [3] Chapter 1], m Section 4] for the detail. 
Since R is Gorenstein, by the definition of a triangle, L — > M_ —> N_ —> L[l] is a triangle in CM (R) 
if and only if there is an exact sequence 0 —> L —> M' —> N —> 0 in CM(I?) with AP = M in 
CM fI?j. that is, M' is isomorphic to M up to free summand. Since R is Henselian, CM(f?), hence 
CM hRh is a Krull-Schmidt category, namely each object can be decomposed into indecomposable 
objects up to isomorphism uniquely. 

In the paper we use the theory of Auslander-Reiten (abbr. AR) sequences and triangles of 
Cohen-Macaulay modules. Let us recall the definitions of those notions. See m for AR sequences 
and 0® for AR triangles. 

Definition 2.1. Let X , Y and Z be Cohen-Macaulay R-modules. 

f 

(1) A short exact sequence Yx :0 —> Z —>Y—> X — »0is said to be an AR sequence ending 
in X (or starting from Z) if it satisfies 

(AR1) X and Z are indecomposable. 

(AR2) Y,x is not split. 

(AR3) If g : W —> X is not a split epimorphism, then there exists h : W —» Y such that 
g = foh. 

L HL 

(2) We also say that a triangle Yx : Z_ —► Y_ —► A —> Z_[ 1] is an AR triangle ending in X_ (or 
starting from Z) if it satisfies 

(ART1) X and Z are indecomposable. 

(ART2) w^O. 

(ART3) If g : W_ —> X_ is not a split epimorphism, then there exists h : W —> Y such that 
g = l°h. 

f 

Proposition 2.2. Let Yx : 0 —> Z —> Y —> X —> 0 be an AR sequence ending in X. Then 

L m 

Yx : Z_ —> Y_ —> A —> Z[l\ is an AR triangle ending in X . 

Proof. We shall show that E satisfies (ART1), (ART2) and (ART3). 

(ART1) It is obvious. 

(ART2) If w is zero, then E is split. Thus there exists g : X_ —> Y_ such that / o g = lx_. Note 
that / o g £ radEnd_R(A) since E is not split. It yields that / o g = 1 x_ £ radEnd fl (X). This is a 
contradiction and w must be non zero. 
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(ART3) Let g : W — > X be not a split epimorphism. Then g : W —> X is also not a split 
epimorphism. By (AR3), we have a morphism h : W —> Y such that / o h = g. We conclude that 
£°h = g. □ 

We say that CM(f?) (resp. CM(f?)) admits AR sequences (resp. AR triangles) if there exists an 
AR sequence (reap. AR triangle) ending in X (resp. X) f° r each indecomposable Cohen-Macaulay 
R-module X. We also say that (R, m) is an isolated singularity if each localization R v is regular 
for each prime ideal p with p ^ m. If R is an isolated singularity, CM(f?) admits AR sequences 
(cf. [331 Theorem 3.2]). As a corollary of Proposition 12.21 CM (R) admits AR triangles if R is an 
isolated singularity. 

Corollary 2.3. If R is an isolated singularity, we have an 1-1 correspondence between the set of 
isomorphism classes of AR sequences in CM(f?) and that of AR triangles in CM (R). 

Proof. According to Proposition 12.21 we can define the mapping from the set of AR sequences 
to the set of AR triangles by taking its triangles. Note that AR triangles (resp. AR sequences) 
ending in X (resp. X) is unique up to isomorphism of triangles (resp. sequences) for a giving 
indecomposable X (resp. X) (see [3JIH]). Hence it follows from Proposition 12.21 that the mapping 
is surjective. The injectivity of the mapping is clear. □ 

For an AR triangle Z_ —> Y_ —> X_ —> Z[ 1], we denote Z_ (resp. X) by t X (resp. r _1 Z). For an 
AR sequence 0 —> Z —> Y —> X — >0, Z (resp. X) is also denoted by tX (resp. t~ 1 Z) (see [Til 
Definition 2.8].). By virtue of Proposition ^. 21 t X = tX for each indecomposable Cohen-Macaulay 
i?-module X. 

Remark 2.4. Reiten and Van den BerghjS] show that a Horn-finite fc-linear triangulated category T 
admits AR triangles if and only if T has a Serre functor. We can show that CM (R) is a Horn-finite 
triangulated category which has a Serre functor if R is an isolated singularity. Actually CM(R) 
has a Serre functor r(—)[— 1] = (—)[d — 1] where d = diml?. (Cf. [TlJ Lemma 3.10]. See also [6] 
Corollary 2.5.].) Here r is an AR translation (see above). Therefore we can also show that CM fitb 
admits AR triangles by [8]. 

Lemma 2.5. El Lemma 3.9] Let M and N be finitely generated R-modules. Then we have a 
functorial isomorphism 

Hom R (M. N) = Torf(Tr M,N). 

Here Tr M is an Auslander transpose of M. 

According to Lemma [2.51 Hom R (M. N) is of finite dimensional as a /c-modules for M, N £ 
CM (R) if R is an isolated singularity. Thus the following definition makes sense. 

Definition 2.6. For M, N £ CM(R) we define M_ < hom N if [A,M] < [A, N] for each X £ 
CM(R). Here [A, M] is an abbreviation of dimt- Hom R fA. M ). 

Now let us consider the full subcategory of the functor category of CM(f?) which is called the 
Auslander category. We give a brief review of the Auslander category (see [TU Chapter 4 and 13] 
for the detail). The Auslander category mod(CM(f?)) is the category whose objects are finitely 
presented contravariant additive functors from CM(i?) to the category of Abelian groups and whose 
morphisms are natural transformations between functors. The following lemma will be a key of 
our result in this section. 

Lemma 2.7. El Theorem 13.7] A group homomorphism 

7 : G(CM (R)) K 0 (mod{CM(R ))), 

defined by y(M) = [Homjj( , M)] for M £ CM(f?), is injective. Here G(CM(R)) is a free Abelian 
group (D Z-A, where X runs through all isomorphism classes of indecomposable objects in CM(f?). 
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We denote by mod(CM(i?)) the full subcategory mod(CM(i?)) consisting of functors F with 
F(R) = 0. Note that every object F £ mod(CM(i?)) is obtained from a short exact sequence in 
CM(A). Namely we have the short exact sequence 0— > L —> M —> N — >-0 such that 

0 —> Homfl( , L) Homfl( , M) Hom R ( ,N) F 0 

is exact in mod(CM(A)). Since F £ mod(CM(i?)) is a subfunctor Ext^( , L ) for some L £ CM(A), 
F(X) has finite length for each X £ CM (A) if R is an isolated singularity. Therefore we can define 
a group homomorphism associated with X in CM(A) 

(2.1) ip x : Kq (mod(CM (A))) Z ; [F] dim fc F(X). 

If 0 —> Z —> Y —> X —> 0 is an AR sequence in CM(A), then the functor Sx defined by an exact 
sequence 

0 —> Honij{( , Z) -A- Hom/{( , Y) —y Hom/j( , X) Sx —> 0 
is a simple object in mod(CM(i?)) and all the simple objects in mod(CM(l?)) are obtained in this 
way from AR sequences. We say that R is of finite representation type if there are only a finite 
number of isomorphism classes of indecomposable Cohen-Macaulay i?-modules. We note that if R 
is of finite representation type, then R is an isolated singularity (cf. [TTJ Chapter 3.]). It is proved 
in HU (13.7.4)] that 

for each object F in mod fCMf.fi'll, there is a filtration by subobjects 0 C Fi C F 2 C • • • C F n = F 
such that each Fi/Fi-i is a simple object in mod(CM(I?)) if R is of finite representation type. 


We also remark that, since CM(i?) is a Krull-Schmidt category, 


Sx(Y) 


k if X = Y, 
0 if X^Y. 


for an indecomposable module Y £ CM (R). See [TT] (4.11)] for instance. 


Lemma 2.8. If R is of finite representation type, then we have the equality in A"o(mod(CM (./?))) 

[Horn*(—,M)] = \X±’M] ■ [^x,] 

AiGindCM(ii) 

for each M £ CM(i?). 


Proof. For F = Hom ff (—. M). F{R) = 0, so that F £ mod fCMf All. Since R is of finite represen¬ 
tation type, F has a filtration by simple objects Sx t (see above). Hence we have the equality in 
An fmod fCMfAlll: 

[f]= 

AiGindCM(R) 

By using homomorphism in m, we see that 

[Xj,M] = PXj ( [F ]) = dimfe ^2 d ■ dim fc S Xi (Xj ) = Cj. 

A'iGindCM (R) 

Therefore we obtain the equation in the lemma. □ 


Theorem 2.9. Let R be of finite representation type and M and N be Cohen-Macaulay R-modules. 
Suppose that \X_, M] = [X_, TV] for each X_ £ CM (R). Then M_ © flM = N_ © f IN . 

Proof. Under the circumstances, we see that [Hom R (—. M 1] = [Hom R (—, N 11 in A'nf mod fCMfAUl. 
hence in A'o(mod(CM(A))). Note that Hom R f—. M) = ExtJj(—,f IM) for each M £ CM (R) (cf. 
0)- We have the resolution in mod(CM(A)): 

0 — > Hom R (— ,QM) — > Horn r{—,Pm) —> Hom/j(— ,M) — > Hom R (—. Ml —>• 0, 
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where Pm is a free i?-module. Thus we have 

[Hom fl (—, M)] + [Hom iJ (—, ftM)] —[Hom fl (—, P M )\ = [Hom fl (-, A)] + [Hom fl (-, OAT)]-[Hom fl (-, P N )} 
Hence, 

[Hom fl (-, M)] + [Hom fl (-, fiM)]+[Hom fl (-, P N )] = [Hom fl (—, AT)] + [Hom Ji (-, ttN)]+[H.om R (-, P M )] 
According to Lemma [2~7l we get 

M © ilM © P N ^ A © HA © P M . 

Therefore M © f!M = A © TIN . □ 


It immediately follows from the theorem that 


Corollary 2.10. Let R be of finite representation type and M and A be Cohen-Macaulay R- 
modules. Suppose that U_ = U_{— 1] for each indecomposable Cohen-Macaulay R-module U. Then 
[A, M] = \X , TV] for each A £ CM(A) if and only if M = A. Particularly, <hom is a partial order 
on CM (R). 

Example 2.11. Let R be a one dimensional simple singularity of type (A n ), that is R = 
fc[[x, j/]]/(cc n+1 + y 2 ). If n is an even integer, one can show that X is isomorphic to TlX up to 
free summed for each X £ CM(i?), so that A = A[— 1]. See Tl, Proposition 5.11]. Thus < hom is 
a partial order on CM(1?) if n is an even integer. 

If n is an odd integer, we have indecomposable modules X £ CM(1?) such that A ^ A[ — 1]. In 
fact, let N± = R/(x ^ n+1 ^ 2 ± \J~Ay). Then N + (resp. A_) is isomorphic to TIN- (resp. TIN+), 
so that N + A^_|_ [—1] (resp. A_ ^ A_[—1]). Although we can also show that < hom is a partial 
order on CM (R) even if n is an odd integer. 

Proposition 2.12. Let R = fc[[x, y]]/( x n+1 + y 2 ). Then [A, M] = [A, A.] for each X_ £ CM (R) if 
and only if M = N . 


Proof. We show the case when n is an odd integer. Let /,; = (x l ,y) be ideals of R for 1 < 
i < (n — l)/2 and N± = R/{x^ n+1 ^ 2 ± \Z~Ay). Then {/i, ■ • • I( n -i)/ 2 , A±} is a complete list of 
non free indecomposable Cohen-Macaulay i?-modules. Note that /j = flR up to free summand 
for i = 1, • • • (n — l)/2. See ]H] Paragraph (9.9)]. Now let M, N £ CM (R) and suppose that 
[I,M] = [A, A] for each A e CM{R). Set M = ®^7 1)/2 h mi © A+ m+ © N- m ~ and A = 
®ti 1)/2 k Ui © k± U+ 0 Theorem El M © TIM = A © HA . Thus 


(n-l)/2 

0 Ik" 1 ' 

i=l 


© N + m ++ m - ® jy_m++m- 


(n-l)/2 

0 k 2 " 


2=1 


© N + n + +n ~ ®N_ n++n ~. 


Hence we have equalities: 


mi = Hi, m+ + m- = n+ + n_. 


Here we remark that 

Hom fl (A ± , A t ) = Ext^(A±, A±) = 0. 

Using this, we have 

(n—1)/2 (n—1)/2 

[N+,M}= E rn t [N ± ,IJ + m+[N ± ,N ± }= ^ m[N+, IJ + n + [N+, N+] = [N+, N}- 
2=1 2=1 
This equality show that m+ = , so that m- = n_. Consequently M_ = A. 


□ 
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Remark 2.13. The stable hom order <hom is not always a partial order on CM(P) even if the 
base ring R is a simple singularity of type (. A n ). Let R = k[[x, y, z}}/(x 3 + y 2 + z 2 ). Then R 
is a two dimensional simple singularity of type (A 2 ). And let / (resp. J) be an ideal generated 
by (a :,y) (resp. ( x 2 ,y )). Note that the set {/, J} is a complete list of non free indecomposable 
Cohen-Macaulay R -modules (see [Til Chapter 10] for instance). Then it is easy to see that [/, J] = 
[J, 7] = 1. However / ^ J. Thus < hom is not a partial order on CM ( R). 

In what follows, we always assume that R is an isolated singularity. We denote by y{Af,Z_) the 
multiplicity of Z as a direct summand of M_. On an AR triangle, we have the following. 


Proposition 2.14. Let E.y : Z_ — >• 11 — > 2L —> Z[l] be an AR triangle in CM (R). Then the 
following statements hold for each U € CM (R). 

(1) [U,X] + \U,Z] - \U,Y) = y(U,X) + n(U,X[- 1]). 

(2) If U_ is periodic of period 2, that is, U_ = U_[ 2], then 

\u,x\ + [U,Z] - \U,Y ] = [£/[-!],*] + m-^Z] - [C/[-l],F] 


Proof. (1) Apply Hom R f U. —) to the triangle Ey . we have a long exact sequence as follows: 
Hom R P/. Z[— 1]1 ->■ 


Horn d (C /,5 [—1]) 

Horn pH/, y [—ljl ~— ~ ■■» Hom pH/. X [—111 -> 


Hom R (U. Z_) 


Hom R (u,f) 


Horn R H7, Y) 


Hom q(M.q) 


Hom R H/,.A) 


Hom R (C/,/[l]) 

HompfU. Z\l}) -— Homp (U.Y\1}) -» Hom D IP. X [111 -> . 

Since End R (X) /ra dEnd R (X) = k for each non free indecomposable Cohen-Macaulay module X 
and by the property of an AR triangle (ART3), we have 

Ker Horn R ('LL f\i + 1]) = Coker Horn R HE q[i]l = fc'E—>XM) 

for all igZ. In particular 

0 kn(IL,2U- 1 ]) Hom R (U,Z) Horn R (U,Y) Uom JU.X) 0 

Therefore we obtain the required equation. 

(2) Note from (1) that the equations 

EC,2G + EC,Z] - EC,23 = v(u,x) + n(u,x[- 1 ]) 

and 

EC[-i],2E] + ECI-1U] - EC[-1],23 = m(CC[- 1],2Q + /i(EC[-i],2C[-i]) 

hold. Since the shift functor (—)[1] (hence (—)[—1]) is an auto functor, ji(U,X) = y(U_[~l], X\— 1]). 
Moreover p{U_[— 1],X) = y(U_, X_[— 1 ]) f° r tE[— 1 ] [— 1] — U_[— 2] = U. Consequently we get the 


assertion. 


□ 


Remark 2.15. By using Proposition 12.141 one can show that < hom is a partial order on CM (R) 
without the assumption that R is of finite representation type. 


3. Hom order and Grothendieck group of CM(P) 

For later reference we state some results on the stable hom order among the same class in the 
Grothendieck group of CM fP.b The Grothendieck group of CM fPf (more generally a triangulated 
category) is defined by 

Kn(CM(R)) = G(CM (R))/ <2L + Z-Y |There is a triangle Z^Y^X^ Z[ 1] in CM(R) >, 

where Gf CM fPV) is a free Abelian group ©xeindCM(R) ^ ' zL- We refer the reader to [3] Chapter 
3] for the details. Since R is Gorenstein, one can show that [ M \ = [N] in Xnf CM lP.n if and only 
if [M © P] = [N © Q] in A' 0 (CM(i?)) for some free //-modules P, Q. 
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Lemma 3.1. If R is of finite representation type, we have the equality as a subgroup of G( CM (R )): 

< X + Z_ — Y_ | There is a triangle Z —» F -A X —» Z[ 1] in CM(i?) > 

=< X + Z — F | There is an AR triangle Z —» F —> X —> Z[ 1] in CM(i?) > . 

Proof. It follows from Corollary ns m Theorem 13.7] and the definition of triangles in stable 
categories. □ 

Hence, if R is of finite representation type, \M] = [TV] in R)) if and only if there exist 

AR triangles Zj —> Yj —> Xj —> ZJ 1] and Zj Y- —> Xj —> Zj [1] with the equality 

n m 

(3.1) \M\ = (&] + &] - ied - E ■ (IE + W - W- 

* 3 

Now we consider the following condition: 

(*) For an AR triangle Z F X ->• Z[ 1], [X] + [Z] - [F] = [X[-l]] + [Z[- 1]] - [F[-1]] in 
G(CM(i?)). 

Remark 3.2. (1) The condition (*) says that for AR triangles Z —> F —> X > Z[ 1] and 

Z! ->■ Y‘' Xf -> Z'[ 1], if [U,X] + [H,Z] - [U,Y] = [U,X!] + [U,Zf] - [U,Yf} for each 
indecomposable U_ then [X] + [Z] — [F] = [X 7 ] + [. Z'\ — [F 7 ] in Gf CM fi?)). Since it follows 
from Proposition 12 . Ill that /i(X,X) + /x(X,X[— 1]) = At(X,X , )+/x(X,X , [—1]), we see that 
X = X' or X = X'[—1], If X = Xf the equation is obvious and assume that X = X'\— 1], 
Then by (*), 

m + \z\ - h = m-i]] + m-q\ - m-q] 

= m + [z'i - [Fq 

in G1CM (R)). 

(2) We also remark that, under the condition (*), X = X[— 1] holds if X = rX. For an AR 
triangle Sx : t X —> Ex — > X —>■ rX[l], we have 

X © tX © -Ey Ml = X[-l] © rX[—1] 0 Ex. 

Assume that X ^ X[— 1], Then X © tX = Ex- However, this never happen (see Propo¬ 
sition 12.141) . 

(3) The condition (*) holds when R = k[[x, y]]/( x n+1 +y 2 ) (cf. [IT] Proposition 5.11, Paragraph 
(9.9)]). 

Proposition 3.3. Let R be of finite representation type and M and N be Cohen-Macaulay R- 
modules with [ M ] = [TV] in Kq(CM(R)). Suppose that each AR triangle satisfies the condition (*). 
Then M <hom TV if and only if there exist AR triangles Zi —> Yi —> Xj —» Zi[l] with the equation 

n 

(3.2) \M] - [TV] = E Ci ■ W + &] - IE]) 

i 

in GTCM (R)). 

Proof. It is easy to see that 

[u, TV] - [U, M] = E” °i ' ([U.,Xi\ + [u, E™ dj ■ ([U, Xj] + [U, Zj] - [U, Yj\) 

= YTi c, • MlLXd + MMbi])} - E T ^ + y(t/,xj[-i])} 

for each indecomposable module E S CM(i?). Assume that M_ < hom TV. If dj ^ 0, there exist i 
such that Xj = Xj_ or Xj [— 1] = A f with dj = Cj. As mentioned in Remark l3.2l l). by the condition 
(*), we can omit such constituents in the expression. Repeating this procedure, we obtain the 
equation. □ 
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Under the circumstance of Proposition 13.31 we say that the expression (13.21) is irredundant if 
each Xi is not isomorphic to each other up to a shift. Since R is of finite representation type, 
we can always take the expression irredundant. We say that R satisfies (*) if each AR triangle 
satisfies the condition (*). 

Lemma 3.4. Let R be of finite representation type which satisfies (*) and Ad and N be Cohen- 
Macaulay R-modules with M_ <hom A and \Ad] = [A] in ATif CM fij!)). And let U be a non free 
and indecomposable direct summand of N. Suppose that \U_,M] = \U_, iV] and U_ = U_[2]. Then U 
is also a direct summand of Ad. 

Proof. By virtue of Proposition 13.31 since M_ < hom X_, there exist AR triangles Z.- L —>■ F); -* Xi —> 
Zi[ 1] with 

n 

i 

in G(CM (R))- Thus we have 

n n 

^© 0 ^^ 100 ( 1 ,®^*. 

i i 

Now we assume that U is not a direct summand of Ad. Then there exists i such that U_= Xi or 
U_ == Zi and we can show the inequality 

\U,Xi J + [U,Zi j - \U,Yi J = v(U,X) + p(U,X{- 1]) > 0 

holds. If U_ = Xi , it is clear. If U_ = Zi, since U_ is periodic of period at most 2, 

JQ £* t-'U ^ U[d] ^ U or U[ 1], 

See Remark 12.41 Hence we have the inequality above. However the inequality never happen since 

i i 

Therefore, U is a direct summand of Ad. □ 

Proposition 3.5. Let R be of finite representation type which satisfies (*) and Ad and N be Cohen- 
Macaulay R-modules with M_ < hom X and \Ad] = [IV] in I'Cn( CM (R)). Suppose that [U_, M] = 
[U_, A] and U_ = U[ 2] for each indecomposable direct summand U of A. Then M_ = A . 

Proof. It follows from Lemma f3~4l that A is isomorphic to a direct summand of M. Since M_ < hom 
A . we have M_ = A. □ 

4. Stable degenerations of Cohen-Macaulay modules 

In this section, we shall describe the stable degenerations of Cohen-Macaulay modules over 
simple singularities over type ( A n ), namely 

(4.1) k[[x 0 ,xi,x 2 , ■ ■ ■ , x d ]]/(xQ +1 + x\ + xl H-f x 2 d ). 

First let us recall the definition of stable degenerations of Cohen-Macaulay modules. 

Definition 4.1. pA] Definition 4.1] Let Ad, A 6 CM (R). We say that Ad. stably degenerates to 
A if there exists a Cohen-Macaulay module Q £ CM fR <S>fc V) such that Q[l/f] — Ad (Dj, K in 
CM (R ® k K) and Q ®y V/tV = A in CM(-R) _ 

It is known that the ring m is of hnite representation type, so that it is an isolated singularity. 
If a ring is an isolated singularity, there is a nice characterization of stable degenerations. 
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Theorem 4.2. [I ll Theorem 5.1, 6.1] Consider the following three conditions for Cohen-Macaulay 
R-modules M and N: 

(1) M © P degenerates to N ® Q for some free R-modules P, Q. 

(2) M_ stably degenerates to N_. 

(3) There is a triangle 

Z -» M_®Z. -*■ N -> Z[ 1] 

in CM (R). 

If R is an isolated singularity, then (2) and (3) are equivalent. Moreover, if R is artinian, the 
conditions (1), (2) and (3) are equivalent. 

Remark 4.3. In general, the implications (1) => (2) => (3) hold. And it is required that the 
endmorphism of Z_ in the triangle in (3) is nilpotent. However if R is an isolated singularity, we 
do not need the nilpotency assumption (cf. [Ill Lemma 6.5.]). The theorem also says that M and 
N give the same class in the Grothendieck group of CM(R) if M stably degenerates to N_. 

We state order relations with respect to stable degenerations and triangles. 

Definition 4.4. [4] Definition 3.2., 3.3.] Let M and N be Cohen-Macaulay -R-modules. 

(1) We denote by M < st N_ if N_ is obtained from M_ by iterative stable degenerations, i.e. there 
is a sequence of Cohen-Macaulay R-modules L 0 , L \,..., L r such that M_ — L 0 , N_ = L r 
and each L j stably degenerates to L i+ 1 for 0 < i < r. 

(2) We say that M stably degenerates by a triangle to TV, if there is a triangle of the form 
U —> M — > V —> U[ 1] in GM(R) such that U®V = N_. We also denote by M_ < tr i N_ if N 
is obtain from M_ by iterative stable degenerations by a triangle. 

Remark 4.5. It has shown in [14] that the stable degeneration order is a partial order. Moreover 
if there is a triangle U_ —> M_ —> V —> L/[1], then we can show that M stably degenerates to U_ ® V 
(cf. gl Remark 3.4. (2)]). Hence M_ < tr i N_ induces M_ < st N_. It also follows from Theorem 14.21 
that M_ < st N_ induces that M_ < h. 0 m N_- 

The rest of the paper, we devote to describe stable degenerations over the one dimensional 
simple singularity of type (A„). Namely we consider the ring of the form: 

R = k[[x,y}]/(x n +'+y 2 ). 

As stated in PU Proposition 5.11], if n is an even integer, the set of ideals of R 

{ Ii = ( x\y ) | 1 < * < n /2 } 

is a complete list of isomorphic indecomposable non free Cohen-Macaulay R-modules. On the 
other hand, if n is an odd integer, then 

{ R = {x\ y)\l<i<(n- l)/2 } U { N + = R/(x^ +1 ^ 2 + y), iV_ = R/(x^ n+1 ^ 2 - V^ly) } 

is a complete list of the ones (cf. [lT] ( Paragraph (9.9)]). 

In this section, we shall show 

Theorem 4.6. Let R = k[[x, y\\/(x n+1 +y 2 ). Then the stable horn order coincides with the stable 
degeneration order. Particularly, we have the followings. 

(1) If n is an even integer, 

6 1 1 Cist Cst * Cst In/2• 
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(2) If n is an odd integer, 

0 <st fj_ <st ^2 • • • <si I(n- 1)/2 <st A+ 0 N- - 

and 

N± < a t N± © 7i < st ■ ■ ■ <st N± © J (n _i )/2 < s t 1V± © .ZV + © N_ (double sign corresponds). 

To show this, we use the stable analogue of the argument in M- 

The lemma below is well known for the case in an Abelian category (cf. [16] Lemma 2.6]). The 
same statement follows in an arbitrary fc-linear triangulated category, not necessary CM(i?). (The 
author thanks Yuji Yoshino for telling me this argument.) 


Lemma 4.7. Let 


and 


Si : JVi 


fi 


(i) 


a Li®N 2 L 2 


a iVi[l] 


¥ Ni © M 2 N 2 


A 1] 


S 2 : Mi 

be triangles in a k-linear triangulated category. Then we also have the following triangle. 

Mi —¥ Li © M-2 —¥ L 2 —¥ Mi[l]. 

Proof. We consider the following triangle associated with E 2 : 


-/1 ° / 2 
fa 


¥ L 1 ®Ni® M 2 


Mi 


We remark that the left morphism is given by 


i fl o 

0 v 92 


¥ No 


A Mi[l], 



to make the diagram below: 

(i) 


Ni 


Li © N 2 


'1 -h O' 


(“.Si), 



A JVk[l] 



Y 1 fi 

I 


\0 V 

sa) 


Ni 


-A Li © Ni © M 2 


-a L \ © M 2 


a Ni[ 1] 


-fi ° fa 
fa 


Mi 


Ml. 


By the octahedral axiom, we obtain the required triangle. 


□ 


Remark 4.8. Combining (the Abelian version of) Lemma 14.71 with Lemma 12.81 the dimension of 
Horn can be calculate easily from datum of AR sequences. For instance, let R = k[[x, y]]/( x n+1 +y 2 ) 
where n is even. The AR sequences are 


0 —> It —¥ Ii —i © R -)-i AirA 0 
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for i = 1, • ■ ■ , n/2 where Iq = R and I n / 2 +i — I n / 2 - Then we have 
II - > I 2 -> ’ • • -> In/2 -t In/2 -> ' ' ' -* h 

R - > II - > ■ ■ ■ - > In/2-l - > In/2+1 — In /2 -* ' ' ' - > h 

The diagram shows that 

4)]=E 2 [S/J 

in /io(mod(CM(i?))). Thus we obtain [Ii,Ii] = 2 for i = I,-- - , n/2. 

Definition 4.9. Let M and N be Cohen-Macaulay i?-modules. We define a function <5m,jv( — ) on 
CMfffl by 

= [-,/V] - [—, M]. 

For a triangle E : L —>• M_ —> N_ —> L[l], we also define a function 5s(—) on CM f R) by 

%h = [-, t ] + [- m-i-m- 

Remark 4.10. As mentioned in Proposition ^. 31 for modules M, N £ CM (R) with M_ < hom N and 
[ M \ = [IV] in Kn( CM (R)), we have the irredundant expression 

n 

i 

where E^:, '■ Zi —l Y t -+ A* -+ Zi[l] are AR triangles. On the number Cj, it is easy to see that 

Ci = 8M,N(Xi)/6z Xi (Xi) 

holds. 



9 J 

We say that a triangle Z_ -=»• Y_ A —>■ Z_[ 1] is without isomorphisms if / £ rad fT, A) and 
g £ rad ii?. Y_). Let Z -+Y —> X —> Z_[ 1] be any triangle. As in the same case of a sequence, there is 
a triangle without isomorphisms Zf —> Y' —> Xf —> Z'[l\ for such that Z_ = Z( QU, Y = Y'(BU_QV 
and X_ = X'(BYfor some U_, V_G CM f R). (Cf. [IB] Paragraph (2.7)]). 

Lemma 4.11. [161 Lemma 3.1.] Let R be of finite representation type which satisfies (*) and let 
M and N be Cohen-Macaulay R-modules with M_ < hom A and [ M ] = [A] in AVd CM f R)). Let 
E : U_ — > W — > V —> t/[l] be a triangle without isomorphisms such that 6^ < 5m, n- Suppose that 
X = A [2] for each indecomposable A £ CM(i?). Then there exists a triangle $ : Z_ —> Y_ —> V_ —> 
Z_[ 1] without isomorphisms such that 5$ (A) = Sm_ ,n( Y )- 

Proof. If 5 e(W) = 5m, a (HO, we have nothing to prove. Otherwise, we assume that there exists an 
indecomposable direct summand W\ of W (= W\ ® W 2 ) such that 5 e(Wi) < 5m,at(Wi)- Under the 
assumptions, we have AR triangles Ex, : r Xj -+ Ex t —> Xi —> tAJI] such that 5 m, n = XO Cu5s x . . 
(See Proposition 13.31 1 Thus there exists i such that 5 e x .(1Ui) > 0. This yields that W\ = Xf 
or Wi = Xj\— 1], Since each A £ CM(i?) is periodic of period at most 2, by Proposition 12.141 
5 e x . = 5s . Hence we have 5s x . = 5y, Wi for the AR triangle E^y of W± . 

Let / be the morphism U_ -+ Wi in the triangle E. Take the AR triangle E w-i of W\ and 
construct a pullback diagram: 

rWi -> Ew^ -> Wi -» tWi[ 1] 

"/ 

tWi -s> E -> U -> tWi[1\. 
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Since E is without isomorphisms, / is not isomorphism. By the property of an AR triangle (ART3), 
the bottom triangle splits, so that E_ = U_ © rW\. Then we have a new triangle: 

jP: U@tW x ->E Wl ®U->W! -» (£8tWKi)[1]. 

Applying Lemma 14.71 to the triangles E and T, we get 

0 : U®tWi -*W2®E Wi ->V->(U®tWi)[1]. 

It is easy to see that we have the following equality 

Se(X) = fe(A) + <5*(A) = 5v(X) + fc Wl QQ = & PQ + Ss^X) 

for each X £ CM (R). Therefore <5s < <5e < Repeating this procedure, we obtain the 

required triangle noting that this process stops since R is of finite representation type. □ 

Theorem 4.12. |16[ Paragraph (3.3)] Let R be of finite representation type which satisfies (*). 
Suppose that X_ = A [2] for each indecomposable X_ £ CM lRh Then M_ < hom N if and only if 
M < s t N_ for Cohen-Macaulay R-modules M and N with [M ] = [iV] in A'n( CM ffll). 

Proof. As mentioned in Remark 14.51 M < s t N_ implies that M_ < hom N . 

To show the converse, we assume that M_ < hom M. and they have no common direct summand. 
For each indecomposable Cohen-Macaulay module X, we set r{X) = min{6' M N (X), p(N_,X_)} 
where S' M N {X) := 5m_ : n_(X)/S^ x (X). We consider the following set of isomorphism classes of non 
free indecomposable Cohen-Macaulay modules: 

T= {X | r(X) > 0}/ <^> . 

Then we have the case that both a module X and its syzygy f IX appear in T. We choose A' (or 
QX) in T if r(flX) < r{X) (or r(X) < r(flX)) and let Q be the set consisting of them. Let Ad = 
© xes X r ( x ), N 2 = © A - 6S A^(AW)-R^) and jv 3 = Q x0g . Then Ad®Ad®iV 3 ~iVin 

CM{R). Since R is an isolated singularity, we can take an Auslander-Reiten triangle: 

Ex:rA->Fx-> X-> tX[1\. 

Consider a triangle E which is a direct sum of r(X) copies of triangles Ex where X runs through 
all modules in Q: 

E : 0 (r2Q r(x) ->• 0 Ex r{X) -»• 0 A r(X) -A 0 {tX[ 1])^ x \ 

xgs xeS x<eg x&g 

Here we note that — Ad. 

First we claim that 

Claim 1: N_ is isomorphic to a direct summand of © Xz ^(X ® T.Y)h x ). 

According to Proposition 13.31 we have the following irredundant expression in Gl CM lR')'): 

n 

(4-2) \N] - [M] = E S k,K^ ■ (&] + - feD- 

i 

Since M and N have no common direct summand, N_ is isomorphic to a direct summand of 
©' l (A i © TXi) 5 M.,N \ Xi '>. Thus, for each indecomposable direct summand N’ of N, there exists i 
such that N' = X,- or rX t , so that N' £ T. We remark that X.; = rXi = A,;[—1] or A,;[—1] = rXi 

(Remark 12.41 !3.2f 2H. If A,; ^ rXj then p(N_,N_') < d' M N (Xi). And if Xi rXi then u(N , N') < 

2 5' KE [Xi). Hence, if Nf ¥ tN~, ~h(N,N') = r(N') aiidTf Nf 9* rNf then p(N,Nf) < 2r(N'). By 
the choice of modules in Q, the claim follows. □ 
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For the triangle E, we have an inequality S^(X) = ^ r (X)d SY (AT) < 8m,n{.X) for each X £ 
CM(P). By virtue of Lemma 14.111 we have a triangle $ : Z_ -A Y —> TVi —> Z_[ 1] such that 
<5s < S(f, < 5 m_'n_ and <5$(Y) = 5m_.n_(Y). Next we claim that 

Claim 2: 8$_(U) = 8 m_ } n_(U) for each U £ CM(P). 

Seeing the construction of $ in Lemma [4. Ill [Ni] + [Z] — [Y] can be taken as a constituent of 
(TOl) . say 

n 

[iV] - [M] = IN,] + \Z] - [Y] + E 5' k ,n( X') ■ M + [rX[\ - [E^]) 

i 

in G(CM(R))- Since d$(Y) = Sm_^n{Y), for each indecomposable direct summand Y' of Y, Y' ^ X[ 
and X[[— 1], so that Y' ^ tX[ and tX-[— 1]. Hence Y and 0(AT' ®tX-) s m, jv( x >) have no common 
nonzero direct summand. Note that 

TV © Y © 0 E X '. s k.x.( x D g* M© Ni ® Z_®(^){X[® t X[) s m,j!l( x D . 

By Claim 1 , one can show that TV is isomorphic to a direct summand of Ni © Z. Thus we have 

0 E xi 5 k,N ( x .') ^ © rXl) s M,SL( x, i). 

Hence TV © Y = M_ © Nj_ © Z _, so that □ 

Since 0 < 5m_,n — = Sm.qz. } n 2 ®n 3 ®y, we see that M © Zl < hom TW © TV 3 © Y- Moreover the 

claim implies that 5 m ®z.n 2 ®n 3 ®y(N 2 © TV 3 © Y) = S m .n{N 2 © iV 3 © Y ) - d$ ( N 2 © TV 3 © Y) = 0. By 
Proposition 13.51 we have M_ © Z_ = TV 2 © ^3 © Y. Therefore, the triangle $ : Z_ —> Y —>• N± —>• Z_[ 1] 
induces a triangle 

Z_ N 2 © TV 3 © Y = M © Y —)• Nj_ © TV 2 © -N 3 = TV — >■ Z[ 1] . 

This makes the stable degeneration M_ < st TV. □ 

Proof of Theorem M As mentioned in Remark 13.21 (3), R is of finite representation type which 
satisfies (*). Since R is a hypersurface, each Cohen-Macaulay module is periodic of period at most 
2 (cf. pH Proposition 7.2]). Hence, it follows from Theorem 14.121 that the stable degeneration 
order is equivalent to the stable horn order. Therefore, by direct calculations of the stable horn 
order, we get the assertion. □ 

In [4], the author also investigate the case that the dimension is even. The essential part is the 
following. 

Proposition 4.13. [4) Corollary 2.12., Proposition 3.10.] Let R = k[[x]]/(x n+1 ). Then the stable 
degeneration order coincides with the triangle order on CM(P). 

Proof. We give an outline of a proof for the convenience of the reader. 

Since P is artinian, M stable degenerates to TV if and only if M©P degenerates to TVffiQ for some 
free P-modules P, Q. As shown in [4] Corollary 2.12.], the degeneration order and the extension 
order are equivalent on CM(P). That is, TVffiQ is obtained from MffiP by iterative degenerations 
by extensions. Therefore TV is obtained from M by iterative degenerations by triangles, so that 
M —tri K. □ 

Proposition 4.14. j!4| Corollary 6.6] Let Pi and R 2 be isolated singularities. Suppose there is a k- 
linear equivalence F : CM fPi 1 —> CM fPM of triangulated categories. Then , for M, TV £ CM (Pi h 
M stably degenerates to TV if and only if F(M) stably degenerates to F(N). 

The following lemma is known as the Knorrer’s periodicity (cf. Ill, Theorem 12.10]). 
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Lemma 4.15. Let k be an algebraically closed field of characteristic 0 and let S = k[[x o,X\, ■ ■ ■ , £„]] 
be a formal power series ring. For a non-zero element f £ (xo, x±, ■ ■ ■ , x n )S, we consider the two 
rings R = S/(f) and R} = S[[y, z]]/(f + y 2 + z 2 ). Then the stable categories CM (R) and CM(i?N) 
are equivalent as triangulated categories. 

Summing up these results, we have the main result of the paper. 

Theorem 4.16. Let R be a simple singularity of type (A n ). Then the following hold on CM(i?). 

(1) If R is of odd dimension then the stable degeneration order coincides with the stable horn 
order. 

(2) If R is of even dimension, then the stable degeneration order coincides with the triangle 
order. 

Proof. Combining Knorrer’s periodicity (Lemma 14.1511 with Proposition 14.141 we have only to deal 
with the case dimi? = 1 to show (1) and the case dim R = 0 to show (2). Hence, by Theorem 14.61 
and Propostion 14.131 we obtain the assertion. □ 
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